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Abstract-An initial-stress boundary element algorithm has been presented for two-dimensional
anisotropic elastoplasticity. A quadratic stress yield criterion with strain hardening recently derived
and applied to Boron-Aluminum composites is adopted. The details relating to numerical evaluation
of singular surface and volume integrals are discussed. A new generation iterative Newton-Raphson
algorithm has been adopted to solve the nonlinear boundary element equations. The validity of the
present fonnulation has been established with the help of examples.

INTRODUCTION

The boundary element method is recognized as an accurate numerical approach for a
multitude of problems in physical sciences and engineering. Historically, the method which
is based on singular boundary integral equations was conceived as a general tool for solving
linear problems only. However the visualization of nonlinear problems as state dependent
"incrementally linear" and "pseudo-body force" problems has made possible the extension
of the method to the nonlinear zone.

The present paper deals with the type of nonlinearity that arises from elastoplastic
constitutive modeling of anisotropic materials particularly advanced fiber reinforced com­
posites. The boundary element method has already been successfully applied to a large class
of elastoplastic problems that are initially isotropic (Riccardella, 1973; Banerjee et al.,
1979, 1989; Cathie and Banerjee, 1980; Mukherjee, 1982; Banerjee and Raveendra, 1986,
1987; Henry and Banerjee, 1987, 1988; Chopra and Dargush, 1992). Cruse and Polch
(I 986a, b) described a simple iterative initial-strain elastoplastic boundary element for­
mulation intended to be used for local inelastic deformation analyses of anisotropic
materials. However, the latter authors restricted their implementation to von Mises' cri­
terion applicable to isotropic materials only and used flat boundary elements. Moreover,
their simple iterative algorithm is not applicable to problems involving significant inelastic
deformation. In the present work, a realistic constitutive model is chosen to describe the
elastoplastic behavior of orthotropic composites with strain hardening. Yielding according
to this model is governed by a quadratic stress criterion and has been the subject of
discussion recently (Kenaga et al., 1987). The solution of the nonlinear equations derived
here using an initial-stress based variable stiffness type approach closely follows the iterative
Newton-Raphson type of approach applied by Chopra and Dargush (1992) for isotropic
thermo-plastic problems. The present formulation can also account for common body force
loadings such as inertial and centrifugal forces (Deb and Banerjee, 1990) without resorting
to additional volume integrals. The development of the nonlinear procedure is presented
systematically and is followed by a comprehensive discussion of the iterative algorithm that
is validated with an example.

ELASTIC CONSTITUTIVE RELATION

The elastic relation for an anisotropic material with a degree of anisotropy not greater
than monoclinic can be written as
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or, in a symbolic form

b 12

b22

symmetric
(1)

(1 a)

where, 1::1 and 1::2 are normal strains in the XI and X2 directions, respectively, and 1::6 is the
shear strain in the XI-X2 plane, the valu~s of (Ji are the corresponding Cauchy stresses, and
bij represent material compliance coefficients.

It may be noted that for orthotropic materials, the elastic compliances can be expressed
in terms of physically meaningful principal moduli £1 and £2, Poisson's ratio V21 (or, V12)

and in-plane shear modulus G12 as follows:

The inverse of relation (1) expressed as

1
bn = £2'

1
b66 =-G.

12

(2)

is also useful. Here, cij represents reduced stiffness coefficients for plane stress.

QUADRATIC STRESS YIELD CRITERION

A special case of the Tsai-Wu (1971) yield criterion, termed as the quadratic stress
yield criterion applicable to orthotropic materials, together with isotropic strain hardening
has been used by Kenaga et al. (1987) for characterizing a Boron-Aluminum composite.
This criterion may be stated as follows for the case of plane stress:

(3)

where (J; denotes stress components referred to the material principal axes (Fig. I) and (Ji

to the global or geometric axes. The quantity k on the right-hand side ofeqn (3) is a function
of the equivalent plastic strain I::~q and determines the progression of the stress surface
beyond first yield.

It is noted that to obtain von Mises' yield criterion from eqn (3) the following substi­
tutions are necessary:

Fig. I. Orientation of principal material axes (X'I - x;) of an orthotropic material.
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where (Jy is the uniaxial yield stress for an isotropic material.
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ELASTO-PLASTIC CONSTITUTIVE RELATION

The derivation of the elasto-plastic constitutive relation between the incremental
stresses and strains is carried out as outlined below employing the yield criterion given by
(3) together with a hardening rule and an associated flow rule.

We have from eqn (3) the following consistency condition:

_ af . _ ak 'p _
df - a (Jj a p Seq - O.

(Jj Seq

Equivalent stress (Jeq is defined as

(4)

(5)

The work equivalent plastic strain increment 6~q is obtained using incremental plastic work
Wp in the following form :

(6)

whence

As per the associated flow rule (also called the normality condition), we have

~~ = ,. af ( 2)
". /I. a i = 1, ,6,

(Jj

where 1. is a scalar factor of proportionality.
From the last two equations we have

Let us define the following notation:

0' = {(JI (J2 (J6}T,

af _ { af af af}T
aO' - a(J I at12 a(J6 •

(7)

(8)

(9)

(lOa)

(lOb)

The transformation of stresses between the global and the material principal axes is defined
as follows:

0" = TO', (11)

where the transformation matrix denoted by T is given in the Appendix. It can be shown
that the derivatives of the yield surface transform as follows:
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of Tar
00- = T 00-" (12)

(13)

Thus, employing (13) and (5) in (9), we have

e·p - ;: (2~f) - ;: . 2 . 2(J2 - '!1(J
eq - - ~ - 3 eq - 31\, eq'

(Jeq (Jeq
(14)

For the present case oftime-independent small-deformation elasto-plasticity, the total strain
increment can be linearly decomposed into elastic and plastic strain increments. That is,

i 1' = if +if (j = I, 2, 6).

Now, because of the reversible nature of the elastic strain increment

where relation (15) above and the associated flow rule have been used.
Substituting the last two results in (4), we get

whence

(IS)

(16)

(17)

(I8)

Substituting the above in (16) we arrive at our final form of the elasto-plastic constitutive
relation:

(19)

It should be noted that strain-hardening is incorporated in the elasto-plastic model given
by the above equation through the term ok/oe~q. Hence an explicit expression for this term
is necessary. In the present case, hardening is represented by the following three-parameter
model suggested by Kenaga et al. (1987) for a Boron-Aluminum composite:

(20)

where a, fJ and (J~ are determined experimentally. The quantity (J~ is actually the equivalent
stress at incipient yielding.

From the above relation one obtains
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(21)

Hence the elasto-plastic constitutive relation for incremental stresses and strains can be
written concisely as

(22)

where

(22a)

Equation (22a) can be expressed for plane stress as well as plane strain by a suitable
adjustment of the fourth component of stress and strain in the usual manner.

INITIAL STRESS BOUNDARY ELEMENT FORMULATION

The basic boundary element equation for small-deformation elasto-plastic analysis is
given by Banerjee et al. (1979) and Banerjee and Butterfield (1981) for the initial stress
approach. In the present case, elasto-plastic behavior may be caused by mechanical and
thermal body force loading in addition to surface loading. Since the body force loading
is accounted for by a particular integral-based formulation (Deb and Banerjee, 1990), the
basic boundary element equation in terms of incremental complementary tractions and
displacements becomes

(i,j, k = 1,2).

The necessary interior stress equation is

aij(~) = Is [Gkij(x, ~)ik(x) - Fkij(x, ~)uk(x)]dS(x) +Iv Bklij(X, ~)d"21(X) d V(x) ,

(i,j, k = 1,2).

(23)

(24)

The kernel functions Gij and Fij are defined in Deb and Banerjee (1990). The remaining
quantities Bikj , Bklij , Gkij and Fkij can be derived from Gij by taking appropriate spatial
derivatives and utilizing the stress-strain relations in a straightforward manner. Because
these expressions are lengthy and could not be expressed in a condensed form, they are not
reproduced here.

For our purpose it is convenient to use the contracted notation for stress followed
earlier. According to this notation a pair of consecutive indices [say, (ij)] is equivalent to
a single index (say, m) as follows:

ij ==ji=m,

meaning

11 = 1,

22=2,

12 == 21 =6.
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With the above notation the cardinal equations, (23) and (24) above, are rewritten below:

(25)

(m,n = 1,2,6). (26)

The initial stress rate u? appearing in eqns (25) and (26) above is defined as the difference
between the pseudo (or elastic) and actual stress rates. That is,

(27)

where

(27a)

and Ui is given either by eqn (22) or because of the recoverable nature of the elastic strain
component 61 is also given as follows:

(28)

Employing the last two relations in eqn (27) in conjunction with the linear decomposition
relation [as given by (IS)] for the total strain increment one gets the following:

(29)

Substituting the plastic flow rule (8) in the above equation it is possible to write the following
representation of incremental initial stress:

(30)

where

(30a)

The last two equations above along with the vector L; to be defined below are of special
interest for our final development of the variable stiffness type boundary element equations
for numerical implementation. Incorporating relations (21) and (14) into the consistency
condition (4), we get

(31)

From the above equation we obtain

(32)

where
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(32a)

By utilizing relation (30) in eqns (25) and (26), and relation (32) in eqn (26), we get the
following equations on boundary and interior respectively:

"tij(~o)uH~o) = L[Gij(x, ~o)iHx) - Fij(x, ~o)uHx)]dS(x) +Iv 8imj (x, ~o)Km(x)i(x)dV(x),

(33)

i(~) = L::'(~)L[~km(X, ~)ik(x) -37'km(X, ~)uk(x)] dS(x)

+L::'(~) Iv 8i~m(x,~)Kn(x)i(x)dV(x), (m,n = 1,2,6). (34)

The isotropic counterparts of eqns (33) and (34) are given in Banerjee and Raveendra
(1987) for plane problems, by Henry and Banerjee (1988) for axisymmetric problems and
by Banerjee et ai. (1989) for three-dimensional problems.

NUMERICAL IMPLEMENTATION

The integral equations presented in the foregoing become amenable to solution only
after proper numerical implementation is carried out. Typically, in a nonlinear boundary
element solution procedure, the nonlinear region of the problem domain is physically
divided into "cells" and the bounding surface into "boundary elements". In a substructured
analysis, the domain of the problem may be divided into two or more subregions and
boundary element equations such as (33) and (34) are written for each subregion. The final
system results from enforcing displacement and traction compatibilities along the interfaces
between subregions (Banerjee and Butterfield, 1981). In the present boundary and volume
discretization of the relevant integrals, quadratic isoparametric shape functions are used to
approximate the geometry and the field variables across the boundary elements and over
volume cells in terms of their nodal values. Thus after discretization, eqn (33) can be
expressed in the following manner:

where, NB = number of boundary elements, NV = number of volume cells, NY(",S) rep­
resents boundary element shape functions of quadratic variation and NP(",V) represents
quadratic shape functions for cells (of same dimensions as those of the analysis). The bars
indicate nodal values and the integration coordinate x has been expressed in local coor­
dinates ",S or ", v via the above shape functions. It should be noted that non-repeating indices
in equation (35) are enclosed in parentheses. The indices y and p extend over the total
number of nodes in a boundary element and a volume cell respectively. After carrying out
the necessary numerical integration by advanced self-adaptive Gaussian quadrature
schemes and the indirect singular coefficient computations (Banerjee and Raveendra,
1987; Banerjee et ai., 1989), eqn (35) can be written in the following matrix notation:
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G1C-FiiC+BKi = O. (36)

On applyi!1g th~ kl10wn boundary traction and displacement increments and the particular
integrals 'iP(= t- 'iC

) and zip (= zi - ii') due to mechanical as well as thermo-mechanical
body forces (Deb and Banerjee, 1990; Deb et al., 1991), eqn (36) above can be reduced to
the following form:

(37)

(38)

Equation (37) reduces to the system equation for elastic analysis (Deb et al., 1991) in the
absence of any plastic deformation (i.e. A= 0)

A.i = b-G1P+Fiip
•

In (37) above, A is the assembled. system matrix, Xis the incremental vector of unknown
displacements and tractions and fi is the vector derived from incremental known tractions
and displacements.

The integral equation (34) which is valid for interior points can be written in a form
similar to eqn (37). It is noted that since ~ in eqn (34) is a point interior to the domain the
integrals involving the kernels q}km and ff'"km are nonsingular. However, strong singularity
will arise in the term f31:n, when the volume cell includes the node at which eqn (34) is
applied. Similar to the surface integral containing the Fij kernel in eqn (33), the volume
integral containing the f31~m kernel in eqn (34) exists in the Cauchy principal value sense
together with an analytic jump term. Utilizing a technique similar to that used for indirect
computation of the singular coefficients related to the Fij kernel (Rizzo and Shippy, 1968;
Watson, 1979; Banerjee and Butterfield, 1981), the singular terms corresponding to the
f31~m kernel can be computed. This approach was initially used for these types of kernels by
Henry and Banerjee (1988) and Banerjee et ai. (1989) who named it as the "initial stress
expansion technique". The initial stresses chosen are such that the resultant real stresses
are zero while a non-zero displacement field exists similar to the situation in which a body
is allowed to undergo free thermal expansion under the application ofa uniform temperature
distribution. The initial stress states that can be used in the present case are described in
Table 1. On carrying out the necessary numerical integrations, eqn (34) can be written in
matrix form for all interior nodes as :

(39)

On incorporating the known boundary traction and displacement increments and the
relevant particular integrals due to mechanical body forces, if any, the above equation may
be transformed to the following form:

(40)

where

(40a)

It is important to note here that eqn (40) as derived from eqn (34) is valid for interior cell

Table 1. Stress states for initial stress expansion technique

Element to Nodal values of assumed stress state
Stress be determined
state corresponds to 0"7, ail err2 u, u2

I (TVl I 0 0 bllx, + !b,.X2 b12X2 + !b,.x,
2 (T~2 0 I 0 b'2X, + !b26X2 b22X2+ !b26X,
3 U?2 0 0 I b'6X, + !b..Xl b26X2+ !b66X,
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nodes only. This is so because for points on the boundary the kernel fF%m is hypersingular
[of 0(1/r2

)] and the integral involving it does not exist in the Cauchy principal value sense.
Stresses on the boundary are calculated using an alternative matrix equation which can be
case in the same form as eqn (40). The matrix equation for boundary stresses can be obtained
with the help of a stress-strain constitutive relation, strain-displacement correspondence,
stress-traction equilibrium equations and parametric derivatives of boundary displacement
components as outlined below.

Writing eqn (27) for the two-dimensional case in expanded form after incorporating
linear strain-displacement relations, we have the following:

(41)

(42)

(43)

The stress-traction equilibrium relations can be written for a point lying on a particular
boundary element as :

(44)

(45)

where NY and t7 are respectively the yth shape function and nodal traction in the ith
direction. If the shape function NY is a function of the parameter '7 defining the iso­
parameteric boundary element under consideration, we get the following relations for
derivatives of U j with respect to '7 :

(46)

(47)

where the Jacobian of transformation between the local parameteric coordinate '7 and the
global coordinates Xi is defined as follows:

dNY
Ji = xi d'7 (i = 1,2; y = 1,2,3).

Let the following matrices be defined:

All=I3x3,

[C"
Cl2 Cl6

C" ]A l2 =- C12 Cn C26 C26

CI6 C26 C66 C66

[~'
0 n,]

A 2I =
n2 n 1

0 0

0 0

(48)

(49)

(50)

(51)
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[~'
0 0

iJ
0 0

A22 =
0 /2

(52)

/2 0

Then it can be shown that

(53)

where

(53a)

(53b)

While eqn (26) is strictly applicable to an interior point, eqn (53) above is to be employed
for calculating stresses on a boundary point for the two-dimensional case. Equation (53)
can subsequently be transformed to the same form as eqn (40) on incorporating relations
(30) and (32). Hence, the final equation of the form (40) is assumed to include all the
interior and boundary cell nodes of the discretized problem domain.

NEWTON-RAPHSON ITERATIVE SOLUTION

Equations (37) and (40) are of primary interest for obtaining a solution to the elasto­
plastic stress analysis problem by a procedure which will now be described. This procedure
closely follows the methodology developed by Chopra (1991), and Chopra and Dargush
(1992). Before going into the details of the numerical algorithm, it is convenient to write
the pertinent equations in a somewhat more compact form for easy reference as given
below:

where

AX+BKi+p = 0,

LUAuX+(LUBUK-I)i+Lupu = 0,

(54)

(55)

(54a)

(55a)

It is to be noted that Xand i cannot be determined by solving eqns (54) and (55) in one
step as LUand K which are parts of the coefficient matrices are functions of the current
stresses which are themselves unknown. Equations (54) and (55) despite their incremental
form are thus nonlinear. An iterative algorithm of the Newton-Raphson type can be used
to arrive at the correct solution for these equations. The aim of the current approach as is
true for most iterative analyses is to begin with approximate values of the unknowns and
successfully improve them to obtain converged results within a preassigned tolerance. Thus,
for any mth iteration the following residues or error-terms are defined:

R(xm,im) = Axm+BKim+p "# 0,

Ru(xm,im) = LUAuXm+ (LUBUK-I)im + LUpu "# O.

(56)

(57)

Linearized Taylor's series expansions are next assumed about the residues for the mth
iteration and these are set to zero to meet the goal of satisfying the equalities (54) and (55).
Thus we have, neglecting the higher order terms in the expansions referenced above,
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The above two equations can be grouped together as

1103

(58)

(59)

(60)

The iterative solution procedure can now be described by the following steps (I) through
(IV) :

(I) Obtain G, G", F, F", A, A", Band B" for the given problem.
(II) Apply an increment of surface and body force loadings and calculate pand p".

Solve for X from eqn (54) with I = O. Compute interior stress increments using the
alternative form of eqn (55) which can be deduced directly from eqn (26). In this case,
A= 0 needs to be substituted in the following equation:

(61)

where the superscript e indicates the elastic nature of the stress increment. The stresses are
next updated to obtain the total elastic stresses.

(III) At this stage, a check for yielding is carried out at all nodal points after calculating
the equivalent stress aeq at each point. One of the following cases (a), (b) or (c) may arise
for every point under consideration:

(a) aeq > a~.

Find the scale factor (ESF) to determine the elastic part of the stress increment:

y

ESF = 1- aeq - aeq

aeq

(62)

Compute the incorrect part of the stress increment, that is, (1- ESF)u; beyond the
yield surface. This part is denoted as u? in the beginning of the iteration process described
in step (IV).

(b) aeq = a~.

Yielding has just occurred. So correct stress increment has been obtained and no
adjustment is necessary.

(c) aeq < a~.

No yielding has occurred. The point under consideration is within the yield surface
and hence correct elastic stress increment has been obtained.

At the end of the present step, a list of points which have yielded is compiled. The
control is then transferred to step (IV) below. If one or more points have just yielded and
the remaining are elastic, the next load increment is applied and steps (II) and (III) are
repeated. The same also applies if all cell nodes are elastic.

(IV) During the mth iteration, for points which have yielded, elastic strain increment
is determined as follows:

(63)

The actual stress increment along the elasto-plastic path is then determined from the
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following relation by using a Kutta-Simpson integration rule (Chopra, 1991; Chopra and
Dargush, 1992):

(64)

The initial stress increment is then given as

(65)

Current total stresses are obtained by adding the stress increments (64) to the previo¥s
correc~ total stresses and L" and K are computed. Equation (60) is now.solved y,ielding AXm

and AIm. These are next added as corrections to the existing vectors, Xmand Im. Thus,

(66)

(67)

The new initial stress increment is computed using relation (30) at every plastic nodal point.
(Note that initial stresses are zero for points.that qave not yielded). The elastic stress
increment is computed from eqn (61) by using X and I obtained above. The steps indicated
by eqns (63), (64) and (65) at the beginning of (IV) are repeated and the initial stress
increment obtained from eqn (65) is compared with the previous initial stress increment to
determine convergence. If convergence has not been achieved,. the procedure onwards of
eqn (65) is continued. Otherwise the next load step is applied, X and I are calculated using
eqns (54) and (55) as part of the acceleration process after having computed L" and K on
the basis of the previous converged stresses, and step (IV) is restarted.

NUMERICAL EXAMPLES

Uniaxial plane stress loading of Boron-Aluminum composite
The boundary element model is a simple square plate with one quadratic cell with one

quadratic three-noded boundary element per side. The side along the xraxis is restrained
from movement in the XI-direction while uniform traction in the x-direction is applied on
the opposite side (Fig. 1). To restrain rigid body movements in the x2-direction a roller
support is applied in the x2-direction at the midpoint of the side with applied tractions. The
material properties were given by Kenaga et al. (1987) for the generalized Hill's criterion
with isotropic hardening as :

E 1 = 29.4msi, E 2 = 19.1 msi = E 3,

"23 = "13 = "12 = 0.17, G23 = G13 = G12 = 7.49 msi,

F Il = 0.001, F22 = F33 = 1.0, F 23 = -0.5,

U:q = 13.5 ksi, IX = 60.0 ksi, f3 = 5.8.

The results for the iterative Newton-Raphson boundary element analysis are presented
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Fig. 2. Plane stress results for a uniaxial problem.

in Fig. 2 for various inclinations of the major principal axis X'I to the loading axis x I'

Organic ultra-high strength fibers are virtually elastic up to failure and hence under uniaxial
loading in the fiber direction, the composite stress-strain curve is linear up to an inordinately
high value of uniaxial stress (not shown here) and only marginally nonlinear henceforth.
It has been observed (Kenaga et al., 1987) on the other hand that the onset of yielding is
early for the off-axis loading conditions. It is of interest to observe from Fig. 2 that
the composite material is actually stiffer under elasto-plastic conditions for the spatially
orthotropic case of () = 90° than for the cases of () = 45° and 60°. It can also be seen in Fig.
2 that the results of the plane stress boundary element analysis are in very good agreement
with the analytical results of Kenaga et al. (1987) obtained after fitting experimental data.
A further confirmation of the uniaxial stress at which yielding is initiated is obtained from
the loci of yield surfaces (in the first quadrant) presented in Fig. 3 for incipient yielding.

15 .................••..•.•.. - -.........,.
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.,
~ \
~ \: \
: I: ,
: ,

.: I
: I

: I
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5

o

10

0" 1(ksi)

Fig. 3. Traces of yield surface for off-axis directions.
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Under a biaxial plane stress condition, the equation of the yield surface for the initial state
of yielding is as follows for the material under consideration:

(68)

where

Q = O.OOI(X cos2 0+sin 2 0)2 + (Xsin2 O+cos2 O)2+3.8( -X sin OcosO+sin OcosO)2,

(69)

(70)

The yield surfaces shown in Fig. 3 are essentially sections of ellipse represented by eqn (69).
The intersection of a yield surface with the 0' I-axis represents the yield stress for the
corresponding uniaxial loading configuration.

Cantilever under uniformly distributed loading (UDL) and self-weight
The example chosen here illustrates the applicability of the elasto-plastic boundary

element formulation for inertial body force loading accounted for by particular integrals.
The geometry of the fixed-ended cantilever chosen for the present study is shown in Fig. 4.
The cantilever of mass density "p" is analysed under two loading conditions: (a) inertial
body force loading due to self-weight (by gradually applying the acceleration due to "g" in
steps) and (b) equivalent UDL (= -lOpg) in the form of uniform traction on one of the
longitudinal sides. A typical boundary element mesh is given in Fig. 5 where there are 20
quadratic boundary elements and 16 volume cells. (It should be noted that the boundary
conditions not shown imply zero tractions.) The elasto-plastic behavior of the cantilever is
represented in Fig. 6 assuming the properties of the Boron-Aluminum composite given in
the example above. It is seen that the results of the inertial body force analysis are in
complete agreement with the surface loading analysis due to the uniformly applied traction
on the side of the beam shown in Fig. 5, thus validating the correctness of the developed
analysis.

A perforated plate in tension
An example ofa perforated plate will now be presented to demonstrate the consistency

of the Newton-Raphson boundary element formulation presented in the foregoing. For
the case of minimal anisotropy such as a small perturbation of isotropic properties, the
anisotropic elasto-plastic BEM can be used after suitably reducing the quadratic stress
model to the von Mises' criterion as mentioned earlier. The present Newton-Raphson BEM
for this perturbed anisotropy is compared with the well-tested first generation secant type
of iterative BEM (Banerjee and Butterfield, 1981) employing von Mises' yield criterion in

Fig. 4. Orientation of fibers in a cantilever.
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Fig. 5. Boundary element model for elastoplastic analysis.

conjunction with isotropic hardening. This comparison of two different numerical pro­
cedures serves to check the general correctness of the current numerical implementation.
For the same geometric configuration results are then presented for true orthotropy.

A rectangular plate of dimensions 56 x 20 in. with a hole of radius a = 5 in. at the
center subject to tension in the longer direction due to applied tractions on the smaller sides
is considered. Due to symmetry under isotropic or spatially orthotropic conditions, only a
quarter of the plate needs to be analysed. The plate is assigned the following material
properties:

Isotropic with von Mises' criterion and hardening modulus h:

E = 7000 ksi, v = 0.2,

uy = 24.3 ksi, h = 224 ksi.

Equivalent, marginally anisotropic with quadratic stress criterion:

E. = 7000.0007 ksi, E 2 = 7000 ksi, Vl2 = 0.2, G12 = 2916.6666 ksi,

u~ = 24.3 ksi, (X = 224ksi, {J = l.

1.21.00.80.60.40.2o

100
•••••x
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.J:), .. .., ..

" x'."
" ,"

"
,"

,-... 75 • D ••x

'" " ."

:: p ,"
.x

'-' , "
....:l " .
Q D .:x", .
~ 50 d ,x

.
Inertial analysis, a = 0°

'0 , " lit UDL analysis, a = 0°.~ r:! )( •
Q.. , , Inertial analysis, a = 30°
Q, ;fx. ' 0 UDL analysis. a = 30°
-(

25 Inertial analysis, a = 90°
x UDL analysis. a = 90°

Free-end deflection (in.)
Fig. 6. Comparison between nonlinear inertial and surface loading analyses.
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+ Element edge
o Mid-point
x Interior point

(0,10) +--o-~.:----o--~---o---+----<>-----.

(0.5)

x

(5,0) (10,0) (18,0) (28.0)

Fig. 7. Quarter plate model of a perforated plate.

The boundary element model of the quarter plate consisting of three Generic Modeling
Regions (GMRs) is shown in Fig. 7. Only one of the GMRs containing the point of
maximum stress, that is (0, 5), is discretized with volume cells. The remaining GMRs viz.
(10, 0) - (18, 0) - A 2- A I and (18, 0) - (28, 0) - A 3 - A 2 are discretized with boundary
elements only. Thus the first GMR closest to the origin of the axes has 12 quadratic three­
node boundary elements and 9 eight-node volume cells, while each of the next two GMRs
has 4 three-node boundary elements. The side of the quarter plate in Fig. 7 lying along the
x I-axis is roller supported in the x rdirection while the side along the x 2-axis is roller
supported in the x I-direction. Uniform nodal traction T I is applied to the side (28, 0) - A 3

in the XI-direction. Comparison between the ordinary iterative BEM for isotropic von
Mises' material and the present Newton-Raphson iterative BEM for perturbed anisotropy
is shown in Fig. 8 in the form of a plot between the stress concentration factor at (0, 5) and
percentage elongation in the XI-direction with respect to the non-perforated plate. The first
point in the curve corresponds to the elastic stress concentration factor of about 4.5. The
elastic stress concentration factor is completely independent of the magnitude of the applied

f-<-.-
"

5

4

3

2

1

- Newton-Raphson BEM (Perturbed anisotropy)
x Ordinary iterative BEM (Isotropy)

o 15 60 7S

Fig. 8. Comparison of results for BEM algorithms for isotropic plate.
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Fig. 9. Refined boundary element model of the perforated plate.
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loading and is hence a single dot, that is the first tip of the curve in Fig. 8. As the plate
begins to yield with gradual increase of the applied loading, the stress concentration factor
falls rapidly and increases again after reaching a minimum. This variation of the stress
concentration factor [aiIT I at (0, 5)] with respect to the percentage elongation (£edT] for
isotropy or Elf-IT] for perturbed anisotropy) essentially represents the effect of re­
distribution of stresses due to elasto-plastic material behavior. It should be noted that since
volume cells are restricted to only a part of the plate as in Fig. 7, the highest applied loading
should be such that only this part of the geometry yields. The excellent agreement between
the results for the ordinary iterative BEM algorithm (Banerjee and Butterfield, 1981) and
the present Newton-Raphson BEM for perturbed anisotropy confirms the correctness of
the latter.

The plate under consideration is analysed next for the following spatially orthotropic
properties corresponding to those of a Boron-Aluminum composite (Kenaga et al., 1987) :

E I =29.4msi, E2 =19.1msi, VI2=O.l7, G I2 =7.49msi,

F II = 0.001, F22 = 1.0, F I2 = -0.01, F 66 = 1.9,

a~ = 13.5 ksi, r:x = 60.0 ksi, f3 = 5.8.

In anisotropic boundary element analysis mesh size is usually a function of the inclination
of fibers with respect to the loading axis. Thus a refined model with 36 and 4 cells in the
first two GMRs is considered as shown in Fig. 9. It is apparent from the results (stress
concentration profiles along the xraxis) of linear elastic analysis depicted in Figs 10 and

5

4

3....
Eo-<
""':..
b

2

1

0
1.0 1.2 1.4 1.6

- Coarse mesh

o Fine mesh

1.8 2.0

!AS 3O:8-G

x2/a

Fig. 10. Comparison of stress concentration profiles for e= 0°.
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o Fine mesh
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Fig. II. Comparison of stress concentration profiles for 0 = 900
•

11 that convergence of stress in the proximity of the hole is not obtained for (J = 0° for the
coarse mesh in Fig. 7 although the same is adequate for the () = 90° configuration. This
observation lends credence to the earlier remark that for anistropic boundary value
problems, the orientation of the fibers is a controlling factor for mesh refinement. Results
on elastoplastic deformation of the centrally perforated Boron-Aluminum plate are pre­
sented in Figs 12-14. These results are based on the refined boundary element model of
Fig. 9. The stress-strain behavior at the root of the plate is shown in Fig. 12. The fibers
being brittle and of high strength, deformation remains practically linear till fracture when
loading is in the direction of fibers. The present yield criterion does not actually model the
phenomenon of brittle failure. On the other hand (as can be seen in Fig. 12), the plate yields
at a much lower value of stress when loaded in a direction perpendicular to the orientation

-_ ...... ------------­.. -- .. -

108

e = 0°
e =90°

o At yield
x Soon after yield

642

4

2

o

1

3

5

E1

Fig. 12. Stress-strain results for the anisotropic perforated plate.
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Fig. 13. Stress concentration vs strain ratio for the anisotropic plate.

of fibers «(} = 90°). The variation of the plastic stress concentration factor with respect to
the percentage displacement in the direction of the loading is given in Fig. 13 for (} = 90°.
Finally, for this same case the growing uniformity of the stress profile due to redistribution
of stresses with increasing plasticity and concomitant strain hardening is illustrated in
Fig. 14.

CONCLUDING REMARKS

For the first time a complete two-dimensional elastoplastic boundary element for­
mulation has been presented for anisotropic materials. A realistic phenomenological cri­
terion has been adopted to model the yielding and hardening of fiber-reinforced composites.
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Fig. 14. Comparison of stress profiles at two stages of plasticity.
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A new generation Newton-Raphson algorithm has been employed to iteratively solve the
nonlinear boundary element equations with a high degree of precision. The boundary
element formulation is itself quite general and is not limited by the type of constitutive
model used. Thus more general criteria like the Tsai-Wu criterion can easily be incorporated
provided adequate and reliable strength parameters are available to justify the use of such
a criterion. Numerical validation of the present formulation has been established. The entire
procedure is now present in a general-purpose boundary analysis package named GPBEST.
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APPENDIX

Let the angle () be as defined in Fig. I measured in a counter-clockwise direction. The transformation matrix
Tin eqn (II) for 20 analysis is defined as follows:

[

cos'(}

T = sin'(}

-sin (}cos ()

sin'()

cos 2 (}

sin (}cos (}

2sin(}cos(} ]
-2sin (}cos (} .

cos' (}-sin 2 ()


